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A simple procedure to find solutions of the hydrodynamic Stokes equations is given. The 
procedure is used to determine the linear modes of a newtonian fluid in a pipe of circular cross 
section. Compressibility, shear and bulk viscosity are included, and no restrictions on the sym­
metry of the modes are made. Furthermore an infinite set of exact solutions of the Navier-Stokes 
equations is presented.

1. Introduction

Despite o f its apparent simplicity and ubiquitous 
presence the familar pipe filled with water remains 
one o f the most mysterious objects in physics. It is 
known experimentally that the laminar flow under­
goes a transition to turbulence when it becomes too 
fast, usually at a Reynolds number o f about 2000. 
But while theoretically for similar systems, viz. the 
Blasius boundary layer and the rectangular channel, 
an instability was found which can be interpreted 
as the entrance door to turbulence, a similar analysis 
for the pipe failed completely [1, pp. 216-221]. 
Moreover, careful experiments have shown that the 
Reynolds number 2000 has to be replaced by a 
much larger value when very straight and smooth 
pipes are used, when the inlet o f flow is favorably 
shaped, and when vibrations are kept away from the 
system [2, pp. 454 -  458], [3]. These theoretical and 
experimental results led to the belief that in a pipe 
turbulence can only be created by perturbations 
which are too large to permit linear analysis. N on­
linear analysis indeed shows amplification o f certain 
perturbations. It is, however, not simple to correlate 
these findings with experiments, as is discussed e.g. 
by Sen et al. [4].

Surprisingly enough, some inspection of the litera­
ture reveals that even the linear modes o f the Stokes 
problem do not seem to be elaborated in full. Either 
only axially symmetrical modes were considered, or 
bulk viscosity and compressibility neglected, or im ­
proper boundary conditions imposed [2, pp. 9 — 12, 
p. 94, pp. 441 -443 ], It is the purpose o f the present

Reprint requests to Dr. U. Brosa, Fachbereich Physik der 
Philipps-Universität, Renthof 6, 3550 Marburg.

paper to present the Stokes modes without any o f  
these restrictions.

Lessen, Sadler and Liu [5] as well as Salwen and 
Grosch [6] approached a more difficult problem, 
viz. the linearisation o f the Navier-Stokes equations 
in the vicinity o f the Hagen-Poiseuille solution, 
whereas here the Navier-Stokes equations are lin­
earized about the zero-velocity solution. The ex­
cuses for the present paper are, first, that the Stokes 
modes can be given in comparatively simple ana­
lytical terms, second, that these modes may serve as 
a basis for series expansions to solve higher order 
problems and, third, that the search for the Stokes 
modes yields an infinite set o f exact solutions o f the 
complete Navier-Stokes equations for incompres­
sible flow.

The obtainment o f the results on the Stokes 
modes in the pipe was facilitated by the discovery 
of a representation theorem which seems to be gen­
erally useful in connection with Stokes problems. 
This theorem is presented in the second section and 
derived in the appendix. The third section contains 
the determination o f the Stokes modes in the circu­
lar pipe, the solution o f the characteristic equation, 
and a discussion o f the most striking physical prop­
erties o f the various modes. In this context also the 
exact solutions are revealed. Finally the significance 
o f the results for further research is pointed out.

2. A Representation Theorem for Compressible 
Stokes Flow

As the starting point we take the Navier-Stokes 
equations for a compressible newtonian fluid [7, pp.
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which are valid for either isothermal or isentropic 
motions, depending on the equation of state (3). 
These equations are linearized by taking the veloc­
ity field w(r, t) as small o f first order and replacing 
the pressure p  (r, t) by p 0 +  p  (r, t), the density q (r, t) 
by C?o +  £?(  ̂ t), and shear and bulk viscosities 7 and 
k by 70 +  >l (r,1) and x0 +  A (r, /), respectively, where 
all replaced functions should be regarded as small 
o f first order, and p 0, q0 , //0 and A0 denote constants. 
Linearization has the effect o f simplifying the total 
time derivative d r in ( 1)

dx u (r, O =  0t « (r, t) +  (it (r, 0  V) 1/ (r, /) , (4)

so that only the partial derivative öt remains. The 
equation of state (3) becomes

p(r ,  t) =  c2c Q(r, 0 , (5)

where cc is a further constant which has the dimen­
sions o f a velocity. Introducing the abbreviations

M o - * 1 o  +*-o)/Qo, Vq =  r/o/Qo (6)

and eliminating the density perturbation Q{r, t )  we 
arrive at

0 t u (r, t) =  - V p  (r, t) /Q0 +  p 0V (Vm (r, /))

-  v0V.y(V.y u (r, /)), (7)

St/7(r./) =  - g 0 cc2Vi/(r,O. (8)

These are the Stokes equations for compressible 
flow. The components o f the velocity field u (r, 0  
and the pressure perturbation p  (r, t) are coupled by 
these equations in a way which is particularly un­
pleasant when curvilinear coordinates are used. 
Here a representation theorem is useful: Instead of 
the Stokes equations we obtain three decoupled 
scalar differential equations.

The Stokes equations (7) and (8) are solved by the 
representation formulae

u(r, t)  =  V.Y(t’f l(r ,0 ) +  V-Y (V.y ( v b ( r , 0 ))  +  Vc (r, /), 

P ( r-') = P o ~  e o 0tC(r,O)+ MoQoV2c( r , t )  (10)
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if the potentials obey the diff erential equations

—  0 t # (r, t) =  V2 a (r, t), 
vo

—  0 t b (r, 0  = V 2b(r,  /) , 
vo

(11)

(12)

—  0 t2 c (r, 0  =  V 2 c (r, 0  +  ~  V 2 0 t c  (r, / ) ,  (1 3 )
Cc c c

and the supporting vector field v takes the form

i'=i 'o +  f \ r ,  (14)

where r0 and Vj denote an arbitrary but constant 
vector and scalar, respectively. Equation (14) is the 
most general form of  the supporting vector field i f  the 
potentials a (r, /) and b (r, t) are to be independent o f  
it.

The proof of this theorem will be given in the 
appendix.

3. Currents in a Pipe

a) The Basic Formulae

The computation o f the Stokes modes in a circu­
lar pipe is a simple application o f the theorem o f  
the preceeding section. O f course we take cylindri­
cal coordinates (r, <p, 2 ) and choose as supporting 
vector field — i.e. the unit vector in z direction. 
Separation of the differential equations (11) — (13) 
gives the three potentials

y
. e 'M<P e ‘k :  e ~ o t

i' a (r, t) =  e: a0J m\ | /  ~ - > < 2 r

v b (r, 0  =  e. b0 Jn - - k 2 r
vo

,im<p g iki  g - o t (15)

c(r, t )  = c0J m\ - V-
O'

- k 2
Mo &

• e im<P e ikz  e ~ o t

m , k  and 0  are the usual separation constants with m 
being an integer while k and a are permitted to be 
complex. a0, b0 and c0 are complex constants which 
will be determined, up to normalization, by the 
boundary conditions. But first we compute from



(15) and  (10) th e  p ressu re
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Q0 c l  G / 1 /  - 2
p ( r , t ) = p 0 +  c0J m\ -  V ----- ------j - k 2 r l  e im* e ikz e ~ at. (16)

c z - p 0 a  \  V  p 0 a - c 2  I

T h e sp a tia l d iffe ren tia tio n s  in (10) can  be  av o id ed  if  th e  d iffe ren tia l eq u a tio n  (13) is used. N ex t we o b ta in  
from  (15) and  (9) th e  velocity  field

.  (r, ft z , ,) =  j . ,  • ( i f  J m ( ] / i  -  k 2 , ) )  +  bo( /  * -  k 2 J'm ( ] / i  -  * 2 , ) )

+  c0 ( - ] /  g2 - t 2 j ; ( - l / - . g2 2 - f c 2 r ) ) )  +
\  I p 0 a - c l  \  I p 0 a  - c l  II)

V o ~ k 2 r )) +*0(- ^ y"(Vt t * 2 r)

• •  f ' r ^ i  ] /  : ,  < ' ' ü ! • ( .7 )r "'\  r  p 0 G -  cl m

H ere it is ad v isab le  to u tilize  the  d iffe ren tia l e q u a tio n  (12) and  th e  d iffe ren tia l e q u a tio n  o f  Bessel functions 
to  e lim in a te  h ig h e r deriv a tiv es  o f  th e  Bessel functions.

T he liq u id  sticks to th e  wall r =  R. T his gives th e  b o u n d a ry  co n d itio n s u ( r  =  R , <p, z, t ) =  0, a lto g e th e r 
th ree  sca lar eq u a tio n s. W ith  (17) we find  a hom o g en eo u s lin ea r system

^  (i m J m (l/a2 - ß 2)) +  A .  ( i ß  f ^ - ß i  y ;  ( | / ^ - / >2»

j  ( -  V a 2 -  /?2 y ;  11 /;■ )) +  A .  (_  m ß Jm

+  1/ -----^ — T ~ ß 2 11 =  0 , (18)

| r  ( ( a 2 -  a 2, ( / ; a 2 -  / J l )) + 1  ( -  ] /  _ 2 l _ - / ? 2 J |  =  0.

It has a no n -triv ia l so lu tion  only  if  its d e te rm in an t vanishes. H ence we a re  led to  th e  ch a rac te ris tic  eq u a tio n  

0 =  'L - in -J i ( / a 2 — ß 2) J m ( -  ] / 7 ^ 1 3 ^ 1  -  ß 2 ) +  ( a 2-  ß 2) J'm i |  -/ •' ß 2 )

■ < -/»2j ; < / « ‘ - 7 p  ) / . ( - } / — ^ r - A 2 ) ( i s )

+ l/j2-^2l O V ' ;:
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The num ber o f variables was reduced by in troduc­
ing the dimensionless expressions

a =  |/<7jR2/v 0 , ß = k R ,  y — îq/ vq, ö = ccR / v0 .

(20)
In practical problem s, y and <5 are known constants 
o f the fluid and the pipe, e.g. for water y  % 3, 
Ö ~  1.4 • 107 and for air y  ~  2. S ~  2.2 • 105 at norm al 
pressure and room tem perature in a pipe with 
radius R  = 1 cm [8, p. 171], [9, p. 320]. F urtherm ore 
m, the m ultipolarity o f the m ode, should be re­
garded as given. Now it depends w hether the decay 
constant a 2 or the wave num ber ß  is provided. The 
missing value is determ ined, in both cases, from the 
characteristic equation  (19) by num erical solution. 
Next, one o f the constants a0, b0 or c0 can be chosen, 
whence the two others m ay be com puted from (18). 
Finally, returning via (20) to physical units, pressure 
and velocity fields can be com puted from  (16) and
(17).

In the following I shall provide the tim e constant 
a 2 and com pute the wave num ber ß , and I will 
presum e, with two im portan t exceptions [cf. Sect. f) 
and g)], that a 2 is not negative. The reason is that, in 
order to describe experim ents, one would like to 
solve the “ transient p rob lem ”, w here initial values 
u (/-, z, t =  0) =  0 and boundary values u (r, (p, 
z  — 0, t)  =  w>(r, (p, t) at the inlet are given, as Laplace 
transform  [10, p. 507 ff.]

OO
u (r, (p, z , t )  =  \  Y . f i  (CT) ui (r, (p, z, t) do.  (21 )

o i

Here only nonnegative values o f a and, because o f
(20), a 2 are needed. In (21), w, (r, cp, z, /) is one o f the 
velocity fields (17) incorporating  the factor e~ at in­
dicative of a Laplace transform . The sum goes over 
all fields which belong to a fixed o , and f  (a) is 
determ ined from h’(/*, (p, t).

The question if these Stokes m odes are com plete 
rem ains open. However I assum e this since we have 
solved a four-dim ensional problem  in space-tim e 
and have three separation  constants (m, k , a) at our 
disposal.

b) Maps of  Zeros

For fixed m and a 2, we find infinitely m any com ­
plex solutions ß  =  ß r + i ß j  o f the characteristic 
equation (19). These zeros move as a 2 varies and 
generate thus trajectories ß  ( a 2). The com m unity of

all trajectories for fixed m forms a “m ap o f zeros”. 
Even for incompressible flow (cc —► oo) the m aps are 
so rich that a discussion of this special case seems to 
be worthwhile. We will consider some m odifica­
tions due to com pressibility in Section g.

The m aps of zeros for m =  0. 1,2 and incom pres­
sible How are shown in Figs. 1 and 2. Only ß,  ^  0 is

Fig. 1. Maps o f zeros for multipolarities m = 0 and m =  2. 
Little arcs at turning points and small displacements o f  the 
trajectories from the axes are just to clarify the structure o f  
the map. The symmetry with respect to ± ßr was used to 
compress the information. The meaning of the dashed tri­
angle is explained in Section 3 c, and the zero HP at ß = 0 
is discussed in Section 3 f.

Pi

Fig. 2. Map o f zeros for multipolarity m =  1. In order to 
demonstrate the entanglement o f the trajectories, two of  
them are depicted separately in the left and right side- 
figures, viz. those starting from the stationary zeros A and 
B in the central figure. Most remarkable is the confluence o f  
both trajectories for decay constants %z >  34.7.



U. Brosa • L inear Analysis o f  the C urrents in a Pipe 1145

m = 0
a2= o 
ß = 13.83

m  = 0
a2= o
ß = 1.47+ 14.47

Fig. 3. Central member o f the triad corresponding to the 
triangle in Figure 1. Here and in all following pictures a 
longitudinal and a transverse cut through the pipe are 
shown. Their common intersection is indicated by the ver­
tical line. Longitudinally, the pipe begins at the vertical 
line and extends to the right-hand side without limit. Posi­
tive pressures are represented by filled, negative ones by 
open squares with linear dimensions proportional to the 
absolute value o f the pressure. In (16) p 0 was put equal to 
zero. The arrows represent the velocities. In the upper 
right the gauges o f velocity and pressure are given. Let the 
arrow indicate the velocity unit w0. Then the edge o f the 
single square corresponds to a pressure o f w0 times £>0 vo/^- 
In the cross sections, arrows and squares were not drawn 
if  they are smaller than one hundredth o f the maximum  
arrow or square, respectively. The specialities o f the mode 
displayed here are the total absence o f pressure gradients 
and the flatness (u (r, t) ■ e . =  0) o f the current.

m  = 0
a2= 0
ß = 1.47 + 14.47

Fig. 4. “Right” member o f the triad (cf. the triangle in 
Figure 1).

Fig. 5. “Left” member o f the triad (cf. the triangle in Fig­
ure 1). Instead o f taking the right and left zeros in Fig. 1 or 
forming suitable linear combinations, it amounts to the 
same to stick to the right zero and to take first the real 
parts (Fig. 4) and second the imaginary parts (here) o f the 
expressions in (16) and (17). This follows from the fact 
that the complex conjugate ß  solves the characteristic 
equation (19) if  ß  does so, provided that all other param­
eters in (19) are real.

displayed because ß-t <  0 gives no new inform ation: 
If ß  is a zero o f the characteristic equation (19), 
then the sam e is true for — ß. Physically, /?, ^  0 
means that we consider a sem i-infinite pipe 0 ^  z <  oo 
with its m outh at z =  0 .

The zeros for stationary m odes, which are ob­
tained from (19) by letting a 2 -*• 0, are visualized by 
surrounding circles. Each o f these dots can be con­
sidered as a starting point o f a trajectory as a 2 in­
creases. For certain  values o f a 2 the trajectory b i­
furcates or turns backwards. To such singular points 
the respective values o f a 2 are affixed in small 
num erals. M aps o f zeros for m ultipolarities larger 
than  2 resem ble the m =  2 map.

c) Ternary Structure o f  the Stokes Modes

It was pointed out in Sect. 3 a that generally three 
independent functions are needed to cover three 
boundary  conditions. And still the boundary condi­
tions at the m outh have to be satisfied. The trinity 
m ust show up also in the modes. A typical triad  is 
indicated by the triangle in F igure 1. The corres­
ponding currents are displayed in Figs. 3, 4, and 5. 
The linear independence o f these modes in partic­
ular at the m outh o f the pipe is easily seen. Their 
com m on property is tha t they have no nodes,
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Fig. 6. A higher central mode (cf. 
Figure 1). Similar as in Fig. 3 we 
have no pressure gradients at all 
and a completely flat current.

U. Brosa

Fig. 7. First mode with multi­
polarity m = 1 (cf. Figure 2).
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f • •

»-------------------------

Fig. 8. Multipolarity m = 2 (cf. Figure 
1). The four sectors in the cross sec­
tion will be noted. They should be 
compared with the two sectors in 
Fig. 7 and the single sector in Figure 3.

v

i

■ ■ ■ ■ ■
i *

\ 1 / /
\ \ ! / /

— » O D D

S v ...........................................  — ? —  '  * ----------------- —  • - > 9

>.................... " 1 \ \ i ' r r r ^ > i
/ / / ..............  ! ^  /  / j

Y s ..................  {— ■— - ^  ^  i

o □ □ □ o----------- -—■- ■ ■

Fig. 9. Stationary mode as starting point for the only de- Fig. 10. First breakthrough mode. Of all breakthrough 
picted trajectory in the central part o f Figure 2. modes this is the one with smallest internal damping (cf.

Section 4).

neither axial (r direction) nor azim uthal ones (<p d i­
rection).

Looking now for higher and higher triads, i.e. 
looking for larger and larger /?, , we find very much 
the same phenom enon as with vibrations o f a m em ­
brane: For fixed m ultipolarity  we obtain  m ore and 
more radial surface of nodes. This change is illus­
trated by Figure 6 . If the o rder o f a triad is kept but 
the m ultipolarity increased, m ore and m ore azi­

muthal node surfaces arise. This is seen in Figs. 3, 7, 
and 8.

d) Walking along a Trajectory

Having understood the structure of the Stokes 
modes for a 2 —)► 0 . one now m ight wonder how the 
m odes look like when a 2 grows. This is exem plified 
for the trajectory starting from ß  ~  1.1 +  / 2.6 for 
in =  1 (cf. Figure 2). Its current for y.2 -*• 0 is shown
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□  □ □ □ □ □  O -0 - 0 - O O □ Q

m = 1 
a2= 21 
ß = il-31

Fig. 11. Nearly an exact solution (cf. Section 3e) o f the 
Navier-Stokes equations. The imperfections are /?, >  0 in­
stead ß = 0  and consequently a slightly nonparallel flow as 
well as a decreasing pressure in the direction o f the pipe.

Fig. 12. Last member of the series starting with Figure 9. 
The picture seems similar to Fig. 7, but this current has a 
deeper penetration, and the relation between flow and pres­
sure fields is just opposite.

in F igure 9, the m ost rem arkable property  being the 
small depth o f penetration  into the pipe. A part from  
the H agen-Poiseuille m ode to be discussed in Sect. f 
this is the fate o f all stationary  Stokes m odes: A 
flow is induced by the  boundary  conditions a t the 
m outh, but, as long as the regim e stays stationary, 
the perturbation  rem ains localized (see also F igures 
1 -  8). The feature alters as soon as a 2 gets positive. 

ßi decreases then, as seen in Fig. 2, and this means, 
according to the defin ition  o f ß  as dim ensionless 
wave num ber, that the penetration  increases. The 
m etam orphosis is accom plished when the trajectory 
touches the real axis ( /? « 1 .2 , a 2 % 14.0). The re­
spective current is dep icted  in F igure 10. A p ertu r­
bation at the m outh is now propagated  through the 
entire sem i-infinite pipe. At the sam e tim e the tra ­
jectory branches off. We will follow the left-hand 
branch since it is the m ore interesting. Arriving at 
/? = 0 , a 2 % 14.7 the corresponding m ode is entirely 
straight (see Fig. 11), the pipe seems to be d ivided 
into two halves, each o f them  guiding exclusively 
backward or forw ard flow. At ß  =  0 there occurs 
another branching, and  a new m etam orphosis sets 
in: The straight m ode transform s into a com pletely 
flat one; this m eans th a t the velocity field has no z 
com ponent. We follow the branch m oving upw ards 
in F igure 2. The m ode o f the turning poin t a t ß  % 
/ 1.3, a  % 21 is show n in Fig. 12, w here the heart­

like flow pattern is not yet entirely flat. W hen the 
trajectory returns at oc2*2 6  to / ? = 0 , the m ode 
again breaks through the pipe but now it is flat. It 
retains its heart-like face. Finally, with /?, =  0, ß r in­
creasing, the m ode gets m ore and m ore cells in a 
sim ilar m anner as indicated in the longitudinal sec­
tion o f F igure 10. The transverse cross section, how ­
ever, is different.

A com m on feature o f all trajectories is th a t they 
approach the real axis /?, =  0 if  a 2 gets large enough. 
N am ely for the incom pressible liquid

0 = y „ ( V a 2- / » 2 ) (22 )

can be read from (19) to be the characteristic equa­
tion for a 2 -> oo (cf. also Section g). It has only real 
solutions ß  =  ß r for a 2 —► oo because Jm (z) possesses 
only real zeros. The appropriate  physical in te rp re ta­
tion that all modes, which decay fast enough, p ro p a­
gate through the pipe has a counterpart in electro­
dynam ics [11, p. 293, p. 315 ff.] where all waves os­
cillating sufficiently fast behave in quite the same 
way. The details, however, are very different. F or 
example, num erical inspection o f the characteristic 
equation (19) for im aginary a 2 and Ö -> oo shows 
that there are alm ost no oscillating m odes in in ­
com pressible hydrodynam ics which break through, 
the only exception being those m odes that are con­
nected with the Hagen-Poiseuille zero (HP) in
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Figure 1. They will be discussed in the next but one 
section.

e) Exact Solutions

If one searches for solutions o f the Stokes p rob­
lem which do not depend on z, one has to put ß  =  0 
in (18) and to distinguish between two cases, a0 a r­
bitrary  and flo= 0- The results are collected in T a­
ble 1. It is seen from  the table and from (17) that the 
velocity fields which obey the characteristic equa­
tion J o(ol) =  0 have just a com ponent in cp direction 
whereas the only com ponent corresponding to 
Jm(y) =  0 points along the z axis. All velocity fields 
o f the second class have thus the form

“ (r,t )  =  ez f ( r ,  (p, t). (22)

f ( r ,  (p, t) is som e function independent o f z. For 
flows o f the type (22) the convective term («V) u in 
(4) vanishes. If incom pressibility is assumed, the 
neglect o f this term  is the only effect of lineariza­
tion, and therefore all Stokes m odes with the ad d i­
tional property (22) are exact solutions o f the 
N avier-Stokes equations (1) and (2) with Q =  Qo, 
rj =  rjo, a='aq.  An exam ple for such an exact solu­
tion is indicated in F igure 11.

Table 1. Conditions o f solvability o f the linear system (18) 
for ß  = 0 and <5 -*■ oo (incompressible fluid). The second 
line contains the simplified characteristic equation for the 
decay constant a 2 and the three lines below the allowed 
values o f the coefficients a0, b0 and c0. For the multi­
polarity m =  0 we have an alternative. For m =  1 ,2 , . . .  
only the right column applies.

m =  0 m =  0, 1 ,2 , . . .

Jo ( a ) =  0 Jm («) =  0
a0 arbitrary "o= 0
b0 =  0 bo arbitrary
c0 arbitrary c0 arbitrary

Table 2. Similar to Table 1, but now for the linear system  
(25). There is again an alternative for m =  0. Note that the 
first case needs no characteristic equation at all.

m  =  0 m  = 0 m  = 1, 2, 3 , . . .

y arbitrary 7o(a) = 0 Jm ( a )  =  0
G| = 0 a\ arbitrary O] arbitrary
b\ arbitrary b\ arbitrary arbitrary
c,  = - { b \ / R 2) c ^ - i b f R 2) c,  =  - ( a f m )

• / a y ;  (a)

For the m ultipo larity  m =£ 0, the exact solutions 
can occur only at certain  countable values a 2, a f , 
y. j , . . .  o f decay constants, nam ely if a trajectory 
visits the origin ß  =  0 in the m ap o f  zeros. For 
m =  0 , however, there are m oreover exact solutions 
for all com plex values o f a 2 as we will see in the 
next section. They are all h idden in the Hagen- 
Poiseuille zero (HP) o f F igure 1. HP is therefore a 
zero o f supercountable m ultiplicity.

0  The H agen-Poiseuille Zero

Starting from the potentials (15) and putting 
ß  =  0 in the boundary  conditions (18) irrevocably 
delivers the results o f Table 1, i.e. countable sets o f 
decay constants a 2. W e may, however, form linear 
com binations with potentials ob ta ined  from  (15) by 
the change from k to — k. The requirem ent o f a 
definite parity z <-► -  z of  the velocity f ield  pins us 
down to put (with cc —► oo)

v a (r, cp, z, t) =  e. a, J n t — k 2 r
vo

sin k

v b  (/', <p, z, t) =  e. b , J „ y ± :
J v0

e ‘ m<p cos e -

k 2 r

sin k

(23)

c (/-, (p, z, t) =  c x J m ( -  i k  r) •

The constants a x, b\ ,  C] were introduced in a way to 
make the lim iting process k -*■ 0 as easy as possible:

-

V-

i' a (r, cp, z, t) =  e

vb(r,<p, t )  =  ez b xJ m\ y  —  r j e im* e - a', (24)

c (z, t) =  C\ öm0z e ~ a'.

The boundary conditions u(r  =  R, cp, z, 0  =  0 lead 
now to

—  { im  J m(a)) =  0.

(25)

bj_
R 2

( y 2J m ( y ) )  +  ^ ( R  Sm0) =  0
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as a substitute o f (18). This system allows three 
types o f solutions, which are presented in Table 2.

The peculiar discovery is the first colum n in 
Table 2, namely that there are solutions for all com ­
plex values of a. M oreover, the respective m odes 
turn out to be all exact solutions o f the N avier- 
Stokes equations for incom pressible flow since they 
have the property (22). Explicitly, the velocity fields 
are found with (9) to be

. ( r ,o  = « ,4 ,f  ( y „ ( | / i  ,) - y0( ] / L  * ) )
(26)

vo

and the pressure according to ( 10)

r2

Vo “ \ r  v0
/ ? ( z , 0 = / > o - ( ? o 6 i W o ( l / ^  R \ z e ~ at (27)

with an arbitrary constant b x and arb itra ry  com ­
plex a. The solution (26, 27) contains the fam iliar 
Hagen-Poiseuille flow. W e only let a -*■ 0, identify

o R

2 v0
(28)

as the velocity in the center o f the pipe and find

u{r) =  e. w0(l -  r 2/ R 2), (29)

P ^ ) = P q- A qqvquq/ R 2-z . (30)

Both results, (26, 27) and (29, 30), are well-known 
[12], [13], [14]. The present derivation, however, is 
rem arkable for a principal reason: It is som etim es 
suggested (see e.g. [15, Sect. 7]) tha t a stationary 
Stokes flow cannot be derived from the tim e-depen­
dent modes, and a superficial application  o f the 
theorem  in Chapt. 2 to the H agen-Poiseuille flow 
(29, 30) seems to confirm  this point o f view. N ever­
theless we have seen tha t it takes ju st a jud ic ious 
lim iting process to overcom e the difficulty.

g) Propagation o f  Sound

The theory of sound in ducts is a w ell-treated 
subject [16, pp. 4 4 -6 1 ]  which becom es d ifficult 
when friction o f any kind is included. M ost a d ­
vanced seems to be the analysis by F ritsche [17] who 
com puted axially sym m etrical m odes in a cylindri­
cal resonator. But even for axial sym m etry only tha t 
lim iting case was investigated w here deviations 
from the ideal theory o f sound can be approxim ated  
by first term s o f pow er series. The present section is

to clarify the connection o f the form ulae given in 
Sect. a with the “ usual theory o f sound”.

First the term  “ usual theory o f sound” shall be 
defined. Since sound is associated with longitudinal 
waves, one is inclined to describe its velocity and 
pressure fields by the scalar potential c (r , /) alone 
(cf. (9) and (1 0 )). In (17) and (1 8 ) we only have to 
cross out the first two colum ns on the right-hand 
side. As a price for this sim plification we m ust be 
content with a less realistic boundary  condition, viz. 
ur (r =  R, (p, z, t) =  0, meaning tha t only the radial 
com ponent o f the velocity vield vanishes instead of 
the velocity field itself. This replaces (19) as charac­
teristic equation by

0 =  7 ' -
yor <52 - ß - (31)

which also is obtained directly from (19) for 
a 2 ->-oo. Let us for a m om ent neglect the dam ping 

term  with y and denote by z„ the «th zero o f the 
equation J'm{zn) =  0. Then (31) m ay be rew ritten as

ß  =  ±  Y ~  a 4/<52 — z l , (32)

which shows that propagation o f sound in a duct is 
possible only for oscillatory perturbations ( a 2 im ag­
inary) if m oreover a certain cu to ff frequency

1*21 ^z„< 5 (33)

is exceeded. The result is com pletely analogous to 
the electrom agnetic case bu t opposite to the be­
haviour o f incompressible fluids (see Sect. d). Thus, 
to observe the zeros of sound modes, we have to 
draw  maps o f zeros for imaginary a 2 and to look for 
trajectories which start at ß  =  ±  i z„, approach ß  =  0 
for increasing j a 2| and finally bifurcate a t ß = 0  to 
proceed henceforth on the real ß  axis. It is not a 
trivial question to reconcile these m otions o f a 
single zero with the ternary structure o f Stokes 
m odes as discussed in Section c.

The answer based on num erical solution o f the 
characteristic equation (19) is given in F igure 13. 
This m ap o f zeros is to be com pared with Fig. 1, the 
m ain difference being that in Fig. 1 a 2 is a nonnega­
tive real num ber. For incom pressible flow the sta­
tionary central zero at ß  ~  i 3.8 and the right-hand 
side zero at ß  ~  1.5 +  i 4.5 m ove to the upper right 
when the frequency grows. This corresponds to 
waves running into the pipe which penetrate the less 
the shorter their wavelength is. Such a behaviour is
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Fig. 13. Map o f zeros for multipolarity m = 0. The small 
numbers at the trajectories give the respective value o f a2. 
Drawn lines show trajectories related to incompressible flow 
(S -> oo), whereas broken lines refer to compressible modes 
for y = 2, 3= 100 (cf. (20)). The order o f magnitude o f y = 2 is 
correct for many substances, but d = 100 corresponds just to 
a highly viscous oil. If we had taken 106 to describe 
water or air (see Sect. a), we had found compressible 
trajectories pressing themselves so close to the ßr and /?, 
axes that it were difficult to distinguish them. The map o f  
zero for negative imaginary a 2 is obtained from this sub­
stituting ßr by —ßr (see (19) for a proof).

known from Stokes boundary layers [15]. The left- 
hand side trajectory starting from  —1.5 +  / 4.5 
converges for a 2| —► oo toward the stationary cen­
tral zero and exhibits thus an unexpected trait. Its 
physical significance becom es clear if com pres­
sibility is allowed. F or com pressible flow the central 
and right-hand side trajectories coincide, w ithin the 
lim its o f the figure, with the ir incompressible ana­
logues. The left-hand side trajectory, however, de­
parts at a 2 ~  / 100 from its incom pressible counter­
part. It continues in the way approxim ately de­
scribed by (32). Because o f viscosity a com plete 
breakthrough is never attained. There is only a 
m axim um  of penetration at a 2 % / 450. This fact il­
lum inates the singular nature of incompressible 
fluids as com pared with sound and electrom agnetic 
fields: Incom pressible flow can break through even 
if  viscosity is present (cf. Section d).

A sim ilar rem ark applies to the Hagen-Poiseuille 
zero which looses its unique properties and de­
scribes just a dam ped sound m ode as soon as com ­
pressibility is switched on (see Figure 13).

We can understand the num ber a 2 % i 100 o f de­
parture by the observation tha t deviations from in­
com pressibility m ust becom e essential if in (31)

But this means

! oc2j ~  <5 ,/?| (35)

since usually y Ö and ß  should be of order one 
for the first deviation from  incom pressibility. An 
even cruder estim ate is | a 2 ^< 5, and this gives 
i 2 *  100 in the present case.

W hen we translate the estim ate (35) by (20) to 
physical units, we find

a \ ~  cc k  I, (36)

which is the tradem ark  for the propagation  of 
sound. T ranslation o f (31) leads to

which shows the dam ping (first term ) and fre­
quency decrease (root) due to bulk viscosity fi0. 
One must, however, not believe tha t (37) gives the 
first approxim ation regarding friction because the 
proper boundary conditions u (r =  R, z, <p, t) =  0 in­
duce term s containing v0 which are not less im por­
tant than those in (37).

A related problem , nam ely how sound is “hidden” 
in the m odes o f a com pressible but inviscid jet, was 
solved only quite recently [18].

In a certain aspect F ritsche’s work [17] is more 
advanced than the theory developed here since he 
takes heat conduction into account. Furtherm ore, 
diffusion and the internal relaxation of the gas or 
the fluid should be considered if com parison with 
accurate m easurem ents is intended [8], All these ex­
tensions can be done with m ethods presented in the 
appendix  and produce not m ore difficulties than a 
larger am ount o f writing.

4. Speculations

Although sound m easurem ents in a tube are im ­
portan t enough for the inform ation they give on the 
interaction between molecules, the reason for the 
present work was to open a new approach for the 
study o f the onset o f turbulence. Three paths m ight 
be most rewarding.

a) The most prom ising ansatz to explain the onset 
o f turbulence in a pipe was m ade by M ackrodt [19]. 
He added to the H agen-Poiseuille current a rotation
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o f the whole pipe about its axis. He showed, theo ­
retically and experimentally, that the com bined flow 
becomes unstable when a certain angular velocity is 
transgressed. An objection against this work m ay be 
tha t normally pipes do not rotate but still perm it a 
transition to turbulence. M ackrodt goes on to argue: 
N orm ally the rotation is induced at the inlet and 
concerns just the fluid but not the walls. F or this 
case, however, his com bined flow does not satisfy 
the proper boundary conditions. The present work 
gives enough m odes to model a H agen-Poiseuille 
flow plus an internal rotation fulfilling the correct 
boundary conditions (see Figs. 3 and 6 ).

b) M ackrodt’s basic idea to search for an onset o f 
turbulence not in the vicinity of the Hagen-Poiseuille 
flow is convincing because it agrees with the ex­
perim ental finding of a suppressed transition when 
one struggles for clean preparation  o f H agen-Poi­
seuille. To take a rotation as addendum  is neverthe­
less not compelling. The present work gives a great 
stock of exact solutions rem aining exact if  they are 
com bined with Hagen-Poiseuille (com pare Sects. 
2 e  and f). M oreover these solutions need pressure 
patterns at the m outh which m ay occur quite n a tu ­
rally in nearly every experim ent (see e.g. F igure 11). 
The accom panying pressure gradients are am azingly 
small. For our standard pipe (v0 =  0.01 c m 2 s _1, 
R =  1 cm, velocities »  10 cm s -1) we find from 
Fig. 11 1 (ibar c m -1 as the order o f m agnitude. The 
next step one has to perform  is to linearize the 
Navier-Stokes equations about these exact solu­
tions. v. Kerczek and Davis have done the corre­
sponding step for a sim pler system [15]. One ob ­
tains linear partial differential equations w ith tim e- 
and space-dependent coefficients. Today it should 
be possible to solve these equations by num erical 
means. The m odes o f Sect. 3 a can serve as a basis 
to sim plify the num erical analysis.

c) The solutions of the non-linear N avier-Stokes 
system ( l ) - ( 3 )  can be sought as a series in term s o f 
the modes o f Section 3 a. The ansatz transform s the 
non-linear partial differential equations into a set o f 
non-linear ordinary differential equations for the 
tim e-dependent am plitudes in the series. The proce­
dure is the sam e which led Saltzm an [20] and Lo­
renz [21] to the discovery o f the three fam ous d iffer­
ential equations for the plane Benard system. The 
pipe, however, is m ore typical for the generation of 
turbulence since the propelling energy enters the 
system as m otion o f the fluid and not ju st as heat.

Table 3. Smallest possible decay constants a 2 for break­
through at ß  =  0 o f  incompressible currents through a 
semi-infinite pipe. By comparison with Tables 1 and 2 it 
may be seen that all a values are zeros o f J m (a) or J q (a) 
belonging to the multipolarities m printed in the first line. 
To give some feeling for the time scale involved, a 2 was 
converted into decay times a ~ x =  R 2/v0 • a 2 (cf. (20)) for 
water (v0 =  0.01 cm 2 s _ ') in a pipe with radius R =  1 cm.

m 0, 1 0, 1 ,2 1 ,2 ,3 0, 1 0, 1,2

a 2 14.6820 26.3746 40.7064 49.2185 70.8499

<7~ 1 /  S 6.8 3.8 2.5 2.0 1.4

The above-m entioned series expansion would be 
useful for discussion only if a few term s were suffi­
cient to describe m ost o f the physics. It is tem pting 
to speculate on the relevance of the various modes 
starting from the m aterial given in Sects. 3 c to f. 
The H agen-Poiseuille flow is indispensable since it 
is the engine of the process. O ther relevant modes 
should have a small internal dam ping, expressed by 
a small value o f a 2, and they should penetrate 
deeply into the pipe. The latter condition is related 
to the fact tha t the strength o f the coupling between 
the modes is determ ined by overlap integrals be­
tween the modes, sim ilar to the m atrix elements in 
quantum  mechanics. A spatially strongly decaying 
m ode is confined to a small part o f the pipe and can 
thus not interact effectively with other modes. The 
smallest values o f a 2 for which ß  =  0 is reached 
are collected in Table 3. Surprisingly modes with 
m ultipolarity  m =  1 are favoured. In addition  it 
must be stressed th a t the lowest value o f a 2 ( a 2 % 
14.0), for which break through  is reached, comes 
from an m =  1 m ode w ith non-zero wave num ber ß. 
It is shown in Figure 10. m =  1 seems to be the only 
m ultipolarity  which m anages the first breakthrough 
at ß  =£ 0. The o ther noticeable thing are perhaps the 
long decay tim es given in Table 3.

Appendix

Here the theorem  enunciated in Sect. 2 will be 
proven. In advance two rem arks m ight be useful.

N o attem pt will be m ade to prove that all solu­
tions of the original problem  ( 7 -8 )  can be found in 
the m anner the theorem  indicates. However, we 
have three scalar quantities a(r , t ) ,  b ( r , t ) at our
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disposal and one independent vector field u(r,  /) in 
the original problem  as the pressure p  (r, t) is deter­
m ined from u(r, t) by (7) or (8) up to a m eaningless 
function depending only on time. M oreover, for 
som ew hat sim pler problem s in the theory o f elas­
ticity proofs o f com pleteness for sim ilar represen ta­
tion theorem s exist [22, pp. 232 -238], [23], and this 
gives some confidence in the like com pleteness o f 
the present representation.

The basic idea of the derivation o f the theorem  is 
to take the representation form ula (9) for granted 
and to construct from it the differential equations 
(1 1 )-(1 3 ) as well as the missing representation  
form ula (10). The sam e procedure can be easily ap ­
plied to other problem s of m athem atical physics 
involving vector fields [24],

The proof proceeds as follows: F or the beginning 
we put b(r , /) =  0 and insert form ula (9) into (7)

0 t Vjv (v a (r, t)) +  0 t c (r, /)

=  - V p ( r ,  t ) /g0 +  ^ 0V(V2c (r , /))

-  \-o V .y  (V .y  (Vx (v a (r, /)))). (A. 1)

Separating transverse and longitudinal parts yields 
two sufficient equations:

V.y ( 0 t v a (r, / ) )  =  -  v0 V y  (V .y  (V .y  ( v  a (r, / ) ) ) ) ,  ( A .  2 )

V0t c (r, t) =  -V p ( r ,  t ) /g0 +  î0V (V 2c(r,  t)). (A. 3)

Integration of the latter equation with respect to r 
leads to the representation (10). If both (9) and (10) 
are inserted into (8), we find the d ifferential equa­
tion (13).

Equation (A. 2) can be w ritten as

V.y (0 t (v a (r, t)) -  v0 V2 (v a (r, t))) =  0. (A. 4)

The only way to transform  this into a scalar equa­
tion for a(r,  /), which is independent o f v (r, /), is to 
pull the supporting vector field v th rough the lap- 
lacian. In cartesian coordinates the second term  in 
(A. 4) may be w ritten as

V2 (vx a (r, t)) =  a (r, t) V2 vx +  2 ( V r v)  (Va (r, t))
+  vx V2 a (r, /) ,

V2 (Vy a (r, 0 ) = a (r, t) V2 vy +  2 (Vvy) (Va (r, /))
-I- vy V2 a (r, t),

V2 (v. a (r, t)) =  a (r, t ) V2 vz +  2 (Vr,) (Va (r, t ))

+ vz V 2a(r,  t) (A. 5)

with i' =  vx ex +  vy ev +  vz ez and the cartesian unit 
vectors ex, ey , ez. Only the last term s on the right-

hand sides of (A. 5) are welcome. The other terms 
jeopard ize the project o f obtaining an equation for 
a (r, t) alone because they couple a(r , t )  with i\ 
N evertheless it is not correct to dem and that these 
term s should vanish com pletely. A gradient m ay re­
m ain since there is still a curl in front o f (A. 4) 
which would kill it. For arb itrary  a (r, /), the only 
way to produce a gradient in (A. 5) is to stipulate

Vr v =  e x V], Vvy =  ev t , , Vr, =  ez (A. 6)

if t’j denotes a scalar not depending on r. These 
equations may be integrated at once:

(A. 7)I' =  l'n +  Vi r.

A lso the vector v 0 must not depend on r. Sim ultane­
ously (A. 7) fulfills V2 v =  0 so that there are now no 
disturbing non-gradient term s on the right-hand 
side (A. 5). U p to now it seems as if v 0 and vx m ight 
still depend on time. This however is not possible 
because pulling v  through the operator 0 , would 
produce the non-gradient term  a(r,  t) 0 t v  in (A. 4). 
These rem arks explain the origin of (14).

W ith (14), (A. 4) becomes

V.y (v (0 t a (r, t) — v0 V2 a (r, t))) =  0. (A. 8)

Integration over some surface in ordinary space and 
application  o f Stokes’ theorem  gives

§ ds • i' (0 t a (r, t) — v0 V2 a (r, t)) =  0, (A. 9)

which im plies a sim ple connection o f the dom ain in 
which the solution is sought. Since the surface was 
arbitrarily  chosen, we find from (A. 9)

0 t a (r, t ) -  v0 V2 a (r, t) = / ( • ,  t) (A. 10)

with a free function

/ ( M 0  if  v\ =f= 0
/ ( % 0  = /  (ro r, t) else,

(A. 11)

i.e. at fixed tim e the fu n ctio n / ( • ,  t) m ust vary only 
in the d irection o f the supporting vector field.

There is no loss of generality if we assume 
f ( ’, t)  =  0. F or we may introduce a new function 
ä (r, t) by a “gauge transform ”

ä (r, t) =  a ( r  t) — A (-,{),

A 0 , t )  =
A ( v , 0  if  i'i =£ 0 

A ( v 0 r, 0  else,

(A. 12)

(A. 13)

w'hich does exactly the sam e job in the representa­
tion form ulae (9) and (10) as a ( r , 0 . A 0 , 0  can be
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chosen to satisfy the inhom ogeneous equation

d t A (-,/) — v0V2A ( - , t ) = f ( - , t ) .  (A. 14)

Subtraction o f this equation from  (A. 10) yields a 
hom ogeneous equation for ä ( r , t ), i.e. (11). The 
present gauge consisting in the choice o f a definite 
supporting vector field and in putting  / ( • ,  t) =  0 is 
in so far advantageous over the differential gauges 
known in electrodynamics as the C oulom b and the 
Lorentz gauge since our gauge perm its com plete d e­
coupling of the differential equations whereas the 
differential gauges generally do not.

Finally we abandon the restriction b (r , t )  =  0: If 
a (r, /) satisfies (A. 2) with a triple curl on the right-
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